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Some colleagues have pointed out to the authors some imprecisions in the proof of Theorem 2.10
and, similarly in Theorem 4.2. It seems necessary to clarify the proof.
In the article, we say that the measure μs deﬁned in (3), is concentrated on a set of zero capacity
by saying that μs is concentrated on the set {u = +∞}. However, this has no a clear meaning, since
the function u has no a continuous representative.
We could say that the measure μs is concentrated on the set {u = +∞} only in the same formal
sense as in Remarks 2.19, 2.24 in [1]. See also Lemma 6.3 in [1] to see the relationship between μs
and the set where u = +∞.
Nevertheless, the results are correct and next we perform a detailed proof. We concentrate our
attention on Theorem 2.10, the same arguments being valid for Theorem 4.2. The statement of the
theorem remains the same, and we repeat it here for completeness.
Theorem 2.10. Let u ∈ W 1,20 (Ω) be a solution to problem
{−u = |∇u|2 + λ f (x) in Ω,
u = 0 on ∂Ω, (1)
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B. Abdellaoui et al. / J. Differential Equations 246 (2009) 2988–2990 2989where f ∈ L1(Ω) is a positive function. Consider v = eu − 1, then there exists a measure μs , which is concen-
trated on a set of zero capacity, such that
⎧⎪⎪⎨
⎪⎪⎩
−v = λ f (x)(v + 1) + μs inD′(Ω),
v ∈ W 1,q0 (Ω) for all q <
N
N − 1 ,
Tk(v) ∈ W 1,20 (Ω), log(1+ v) ∈ W 1,20 (Ω).
(2)
Moreover μs can be characterized as a weak limit in the space of bounded Radon measures, as follows:
μs = lim
ε→0 |∇u|
2e
u
1+εu
(
1− 1
(1+ εu)2
)
. (3)
Proof. We consider the quasicontinuous representative u of the solution to (1). For simplicity of no-
tation we set
wε(x) = |∇u|2e u1+εu
(
1− 1
(1+ εu)2
)
,
and we observe that
∫
uk
wε dx → 0 for every k 0. (4)
As proved in the paper, page 33, wε → μs in the sense of measures and, if we denote vε(x) =∫ u(x)
0 e
s
1+εs ds ∈ W 1,20 (Ω), then vε solves the equation −vε = λ f (x)e
u
1+εu + wε(x). It is also proved
that v = limε→0 vε solves
−v = λ f (v + 1) + μs, v ∈ W 1,q0 (Ω), q <
N
N − 1 (5)
in the sense of distributions, and therefore, since the principal part is the Laplace operator, the solu-
tion is also a renormalized solution. We refer to [1] for some equivalent deﬁnitions of renormalized
solutions and their properties.
Let show that μs is a singular measure with respect to the classical capacity. We decompose μs
as follows,
μs = μs1 + μs2 where μs1 ∈ L1(Ω) + W−1,2(Ω) and μs2 is singular with respect to the capacity.
To prove that μs is singular with respect to the classical cap1,2 capacity we have to show that
μs1 ≡ 0. From Deﬁnition 2.21 in [1], for all h ∈ W 1,∞(R) having compact support in R, and for all
φ ∈ W 1,20 (Ω) ∩ L∞(Ω), we have in particular
∫
Ω
∇v · ∇(h(v)φ)dx =
∫
Ω
|∇v|2h′(v)φ dx+
∫
Ω
h(v)∇v · ∇φ dx
= λ
∫
Ω
f (v + 1)h(v)φ dx+
∫
Ω
h(v)φ dμ1s. (6)
On the other hand, recalling that h has compact support, one has
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Ω
∇v · ∇(h(v)φ)dx = lim
ε→0
∫
Ω
∇vε · ∇
(
h(v)φ
)
dx
= lim
ε→0
(
λ
∫
Ω
f e
u
1+εu h(v)φ dx+
∫
Ω
wεh(v)φ dx
)
= λ
∫
Ω
f (v + 1)h(v)φ dx+ lim
ε→0
∫
vM
wεh(v)φ dx. (7)
Since v  M , then u  log(1+ M) = M1, therefore recalling (4) we conclude that
∣∣∣∣
∫
vM
wεh(v)φ dx
∣∣∣∣=
∣∣∣∣
∫
uM1
wεh(v)φ dx
∣∣∣∣ c
∫
uM1
wε dx → 0 as ε → 0.
Therefore (7) implies
∫
Ω
∇v · ∇(h(v)φ)dx = λ
∫
Ω
f (v + 1)h(v)φ dx,
which, compared with (6), gives
∫
Ω
h(v)φ dμ1s = 0.
Since h and φ are arbitrary, we conclude that μ1s = 0 and then μs is singular. 
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